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Abstract
The global existence of weak solution is proved for the problem of the motion of several
rigid bodies in a barotropic compressible fluid, under the influence of gravitational
forces.
1. Introduction
The study of motions of rigid or elastic bodies in a fluid has been studied during
these last years. The presence of particles affects the flow of the liquid, and the fluid,
in turn, affects the motion of particles, so that the problem of determining the flow
characteristics strongly couples the fluid and solid motions. Here we are interested
in the problem of several rigid bodies embedded into a viscous fluid. The fluid and
rigid bodies are contained in a fixed open bounded set of R3. We will suppose that
the underlying continuum is a compressible newtonian fluid. We suppose that both
media (fluid and solids) are under the influence of selfgraviting forces. As a physical
motivation, one can think to the astrophysical situation of a selfgravitating planetary
system moving into a slightly viscous interstellar medium.
Historically, the weak formulation of the problem has been introduced and studied
by Judakov see [28] and after that by many authors: Desjardins and Esteban [4, 5],
Hoffmann and Starovoitov [26, 27], San Martin, Starovoitov, Tucsnak [33], Serre [34],
Galdi [20], among others.
In these problems the chalenging point is the existence of collisions. Let us first
mention that in the case of compressible fluids this problem has been clarified by
E. Feireisl in [13] who considered a rigid sphere surrounded by a compressible viscous
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fluid inside a cavity and constructed a “paradoxical” solution to the subsequent
problem in which the sphere sticks to the ceiling of the cavity without falling down.
In the incompressible setting Hesla [23] and Hillairet [24] proved a no-collision
result when there is only one body in a bounded two dimensional cavity. Later on
the result was extended to the three dimensional situation by Hillairet and Taka-
hashi [25].
Let us mention the main results known in the compressible case. In the absence
of solids, in dimension n > 2 the proof of the existence of weak solutions for (1) was
shown by P. L. Lions for γ > 9/5 when n = 3 see [29]. This result was extended by
E. Feireisl, where the compactness of density was proved for γ > 3/2 for n = 3 in [12]
and extension to the gravitational case with non monotone pressure was presented
in [7] (for a review of general strategies of approximation schemes in compressible flu-
ids see [11, 15, 32]). Concerning the motion of rigid bodies in a viscous compressible
case let us once more mention the work of Feireisl [13], where the existence of global
in time weak solution was proved. Comparing with results in the incompressible
case, there is no restriction on the existence time, regardless of possible collisions of
two or more bodies or contact of a body with the boundary. To be complete, let us
mention that strong existence of the motion of rigid bodies in a viscous compressible
case was recently investigated by Boulakia and Guerrero [1].
Our modest aim is that those of [13] in the compressible case also extend to the
“interacting” gravitational Navier-Stokes-Poisson system with possibly non mono-
tone pressure.
2. The compressible case
We consider the motion of N rigid bodies Bi for i = 1, · · ·, N with smooth
boundaries, in a smooth domain Ω ⊂ R3. The bodies have constant densities ρi,
i = 1, · · ·, N , masses mi, i = 1, · · ·, N and we denote by Ωf(t) := Ω\
⋃N
i=1Bi the





∂tρf + div(ρf~vf ) = 0,
∂t(ρf~v) + div(ρf~vf ⊗ ~vf ) +∇P (ρf) = div T(~vf ) + ρf ~Ff + ρg.
(1)
Here ρf is the density, ~vf is the velocity, ~Ff is the body-force field (selfgravitation
















where G is the Newton’s constant.
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We suppose that the fluid is newtonian with viscous stress tensor T given by the
constitutive law
T(~vf ) ≡ 2µD(~vf) + λI div~vf , (2
′)
P is the pressure, D is the strain tensor with D(~v) = 1/2 (∇~v +t ∇~v).
The two Lamé viscosity coefficients λ and µ are real constants and satisfy the
stability requirements
µ > 0, 2µ+ 3λ > 0, (3)
and the pressure P (ρf) is related to the density ρf by a general barotropic constitutive




P ∈ C1(R+), P (0) = 0,
1
a
zγ−1 − b 6 P ′(z) 6 azγ−1 + b for all z > 0,
(4)
for two constants a > 0 and b > 0.








and its inertia tensor Ji given for any pair of vectors ~a,~b by
J (t)~a ·~b =
∫
Bi(t)
ρi(~a× (~x− ~Xi)) · (~b× (~x− ~Xi)) dx.
The velocity of x ∈ Bi in the Eulerian coordinate system can be written as




where Oi(t) is the angular velocity matrix of Bi.
The matrix Oi(t) and is skew-symmetric then there is a vector ~ωi such that
Qi(t)(~x− ~Xi) = ~ωi(t)× (~x− ~Xi).
Each solid Bi is submitted to exterior forces (gravitation) ~Fi together with the con-




~v(t, y) = ~ui(t, x) for any x ∈ ∂Bi(t), i = 1, · · ·, N. (5)
Whenever Ω is bounded, we also consider the no-slip boundary condition
lim
y→x
~v(t, y) = ~0 for any x ∈ ∂Ω. (6)
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So assuming continuity of stress, the balance laws for linear and angular momenta






















× (T− P I)~n dσ +
∫
Bi(t)
ρi(~x− ~Xi)× ~Fi dx, (8)
















Let us assume that




∣ = 0, ” (10)
for any t ∈ [0, T ] and each i = 1, · · ·, N .
We denote the time-dependent fluid region by Qf ≡ ((0, T )× Ω) \Qs, where
Qs ≡ {(t, x) | t ∈ [0, T ], x ∈ ∪
N
i=1Bi(t)} is the solid region, we also set (Qs)i ≡
{(t, x) | t ∈ [0, T ], x ∈ Bi(t)}









~vf in Qf ,
~ui in (Qs)i.





where χi is the characteristic function of Bi.





ρ∂tφ+ ρ~v · ∇φ dx dt = 0 (12)
for any test function φ ∈ D′((0, T )× Ω).










T : D(φ)− ρ~F · φ dx dt
(13)
for any test function φ ∈ T (Qs), where
T (Qs) ≡ {φ ∈ D((0, T )× Ω) | D(φ) = 0 on an open neighbourhood of Qs}.
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The motion of the solids is described through a family of isometries of R3 by
~ηi(t, s) : R
3 → R3, Bi(t) = ~ηi(t, s)[Bi(s)] for 0 6 s 6 t 6 T,
or equivalently
~ηi(t, s) = ~ηi(t, 0) (~ηi(s, 0))
−1 ,
where the mappings ~ηi satisfy
~ηi(t, 0)(~x) ≡ ~ηi[t](~x) = ~Xi(t) +Oi(t)~x, Oi(t) ∈ SO(3).
We say that the velocity ~v is compatible with the family {Bi, ~ηi, i = 1, · · ·, N} if











= ~v(t, x) for i = 1, · · ·, N, for x ∈ Bi(t) and a.e. t ∈ (0, T ).
(14)
In other words if










i (t) = Qi(t).
We say that relations (12) (13) and (14) represent a weak formulation of (1)(5)(6).
In the spirit of [15], just mention two facts. The first one is that any classical
solution ρ of (1)1 is also a renormalized solution i.e. for any b ∈ C
1(R) such that
b′(z) ≡ 0 for z large enough
∂tb(ρ) + div(b(ρ)~v) + (ρb
′(ρ)− (b(ρ)) div~v) = 0 in D′((0, T )× Ω), (15)
















2µ(ρ)|D(~v)|2+λ(ρ)(div ~v)2dx dt 6 E0,
(16)







Using the previous global quantities (ρ(t, x), ~v(t, x)) for the fluid-solid mixture
leads formally to the integro-differential system equivalent to (1), (5), (6), (7), (8)
{
∂tρ+ div(ρ~v) = 0,
∂t(ρ~v) + div(ρ~v ⊗ ~v)− div (2µ(ρ)D(~v))−∇ (λ(ρ)div~v) +∇P = ρ~F ,
(17)
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for t > 0, with initial conditions
ρ|t=0 = ρ
0(x), ρ~v|t=0 = ~m0(x), on R
3. (18)
Theorem 1. Suppose that Ω ⊂ R3 and let initial data ρ0, ~m0 be such that
ρ0 > 0, ρ0 ∈ L
γ(Ω), (19)




and {(Bi)0}i=1,···,N be given satisfying (10).
Suppose that γ > 3/2 and that λ and µ are two positive constants.
Then the problem (1), (5), (6), (7), (8) admits a variational solution ρ, ~v and
{Bi, ~ηi}i=1,···,N on Q := ((0, T )× Ω satisfying
ρ(0) = ρ0, (ρ~v)(0) = ~m0, Bi(0) = (Bi)0 i = 1, · · ·, N,
where the second equality is understood in the sense
∫
Ω




(ρ~v)(t) · φ dx, (20′)
for any test function φ ∈ D(Ω) such that D(φ) = 0 in a neighbourhood of
⋃N
i=1Bi(0).
The proof of Theorem 1 will rely on the weak-convergence technique developed
in [13] with the gravitational ingredient of [7] (see also [11, 15, 32]): assuming that
we have constructed a sequence of approximate solutions
(
ρn, ~vn, {(Bi)n, (~ηi)n}i=1,···,N
)
,
one has to prove the convergence of the density
ρn → ρ strongly in C([0, T ];L
1(Ω)), (21)
and of the convective term
ρn~vn ⊗ ~vn → ρ~v ⊗ ~v weakly in L
1(Qf ), (22)
where ρ and ~v are the respective weak limits of the sequences ρn and ~vn.
Let us first quote a result from [13].
Let K be a compact non void domain in R3. We denote by dK(x) the distance
from x to K and we define for any subset B ⊂ R3 dbB(x), the signed distance from x
to ∂B, by
dbB(x) = dR3\B (x)− dB (x) x ∈ R
3.
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The sequence of sets Bn ⊂ R
3 is said to converge to B ⊂ R3 in the sense of boundaries
Bn
b
→ B if dbBn → dbB in Cloc(R
3).
Proposition 1. Let ~vn(t, x) a family of functions such that t → ~vn(t, ·) is continuous
from [0, T ] to R3 and x → ~vn(·, x) is measurable from R
3 to R3 (Caratheodory), and
such that
t → ‖~vn(t, ·)‖L∞(R3) + ‖∇~vn(t, ·)‖L∞(R3),
is bounded in L2(0, T ).
Let ~ηn[t] : R
3 → R3 the solution of the problem
d
dt
~ηn[t](x) = ~vn(t, ~ηn[t](x)), ηn[0](x) = x x ∈ R
3.
Let also Bn ⊂ R
3 be a sequence such that Bn
b
→ B, and denote by Bn(t) = ηn[t](Bn)
the image of Bn by the flow ~vn.
Then passing to sub-sequences
ηn[t] → η[t] in Cloc(R




~η[t](x) = ~v(t, ~η[t](x)), η[0](x) = x x ∈ R3,
and ~vn → ~v in L
2(0, T ;W 1,∞(R3)) weak-star.
Moreover Bn(t)
b
→ B(t) uniformly in [0, T ], where B(t) = η[t](B).
2.3. The approximation scheme
As in [13] we use the penalization method of San Martin, Starovoitov and Tucs-
nak [33] which amounts to replace the solids by a fluid with very high viscosity and
consider the regularized system
∂tρ+ div(ρ~v) = ε∆ρ,





where ε > 0, p is a regularized pressure defined by the constitutive relation
p = p(ρ) = P (ρ) + Aρβ with K > 0 and β > 4, (24)
and the viscosity coefficients are supposed to depend on an extra variable χ related to
velocity as follows. The system is completed by the Neumann boundary conditions
∇ρ · n|∂Ω = 0. (25)
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Defining a regularized velocity field by the convolution Rδ[~v](t, x) = ~v ∗ϑδ where
{ϑδ}δ>0 is a sequence of regularizing kernels (radially symmetric and radially non
increasing functions on R3 supported in the ball B(0, δ) with
∫
ϑδ dx = 1), and the
corresponding characteristic curves ~η are such that
d
dt
~η[t](x) = Rδ[~v] (t, ~η[t](x)) , η[0](x) = x for x ∈ R
3.
Then, for a bounded open set O ⊂ R3 we denote O(t) = η[t]O and we define
χ(t, x) ≡ dbO(t)(x) for any t ∈ [0, T ], x ∈ R
3. (26)
We supplement the system (23) with the initial data
ρ(0) = ρ0 ∈ C
2+ν(R3), 0 < ρ 6 ρ0(x) 6 ρ, (27)
(ρ~v)(0) = ~m0, ~m0 ∈ C
2(R3) (28)
Proposition 2. Let O ∈ R3 be a bounded open set, the initial data (ρ0, ~m0)
satisfy (27) and (28) and let the pressure satisfy (24) with β > 4 and γ > 3/2.
Finally, let the viscosity coefficients µ, λ be smooth functions of χ satisfying
µ(χ) > µ0 > 0, λ(χ) + µ(χ) > 0 for any χ ∈ R.
Then the problem (23) admits a weak solution ρ > 0, such that
• Equation (23)1 holds a.e. on (0, T ) × R
3 and equation (23)2 holds in
D′((0, T )× R3).

















2µ|D(~v)|2dx dt+ λ(div ~v)2dx dt 6 E0, (29)



















• Moreover, the following estimate holds independently of χ
ε‖∇ρ‖2L2((0,T )×R3) 6 C(ρ0, ~m,K, β, µ0, G) (30)
and
‖∇ρ‖Lr+1(0,T ;L2(R3)) + ‖ρ‖Lβ+1((0,T )×R3))
+‖∂tρ‖Lr((0,T )×R3)) + ‖∆ρ‖Lr((0,T )×R3)) 6 C(ρ0, ~m,K, β, µ0, G) (31)
for a certain r > 1.
Proof: The proof follows from the results of [16] and [7] (the presence of the vari-
able χ does not modify essentially the arguments). 
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2.4. The high viscosity limit
We now study the problem (23)–(28) where ε, A > 0 are fixed and we only
consider the viscosity limit (i.e. the limit of viscosity coefficients µ = µn, λ = λn).
We set
λn(X) = λ+ nH(X + δ), µn(X) = µ+ µH(X + δ) (32)
with H = H(z) a smooth convex function, H(z) = 0, z ≤ 0, H(z) > 0. Otherwise,
the positive constants µ and λ satisfy
µ > 0, λ+ µ ≥ 0. (33)
From Proposition 1, the problem (23)–(28) has a weak solution ρn, vn for n = 1, 2.
Since (29)–(31) are independent of n then it implies
ρn → ρ in L
β((0, T )× Ω) (34)
vn → v weakly in L
2(0, T,W 1,20 (Ω)) (35)
(ρnvn) → ρv weakly in L
2((0, T )× Ω) (36)
ρnvn ⊗ vn → Q weakly in L
6/5((0, T )× Ω), (37)
where ρ, v satisfy (23)1 a.e. on (0, T )× Ω, the boundary condition (24) in the sense
of traces and the estimates (29)–(31) are satisfied.
From (34)–(37), (29), (32) we see that the limit functions ρ, u satisfy the energy
inequality (29) with µ and λ constant as in (33).
Moreover, from the previous limits, we obtain
ρn, ρ ∈ C([0, T ];L
2(Ω)),








∇vn∇ρn → ∇v∇ρ in D
′((0, T )× Ω). (39)
Similarly as in [F] and applying Proposition 2.4 we get that vn = Rδ[vn], n = 1, 2, . . .
satisfy the hypotheses of Proposition 2.4 which implies
Xn(t) = dbOn(t) → dbO(t) in Cloc(R
3) uniformly in t ∈ [0, T ) (40)
where O(t) = µ[t](O),
d
dt




Qf = {(t, x)|t ∈ (0, T ), dbO(t)(x) + δ < 0}
Qs = {(t, x)|t ∈ (0, T ), dbO(t)(x) + δ > 0},
(41)
then from (40) we get
µn(Xn) = µ, λ(Xn) = λ on any compact K
f ⊂ Qf (42)
for all n ≥ n (Kf).
Applying the energy inequality (29) we obtain
D(vn) → 0 in L
2(Ks) for any compact Ks ⊂ Qs. (43)
Then as in [F] we can find an open time interval J ⊂ (0, T ) and a neighbourhood
U = Uε(x) such that J × U ⊂ Q
f , which together with (42), (23)2, (39)–(31) we get
∂tρn ∈ L
q(J,W−k,q(U)) for a certain, q > 1, k ≥ 1
which gives us





This together with the imbedding
L
2β
β+1 (U) ⊂ W−1,2(U) (45)
implies that
ρnvn ⊗ vn → ρv ⊗ v weakly in L
6/5((0, T )× U), (46)
and shows that Q = ρv ⊗ v a.e. on the set Qf .
Lemma 1. The following equivalence holds:
Q
s
≡ d(Qs) = {(t, x), t ∈ [0, T ], dbO(t)(x) + δ ≥ 0}
Proof: see [F].
Lemma 1 together with (44) implies that Q : D(ϕ) = ρu ⊗ u : D(ϕ) for any test
function ϕ ∈ T (Q
s
). Then we can pass to the limit in the momentum equation to











T (u)D(ϕ)− ρF · ϕdxdt (47)
for any test function ϕ ∈ T (Q
s




Similarly as in [F] we can consider the open set S ⊂ R3, which can be written as






Taking 0 < δ < min; (εi)





We define U i(t) = η[t](Uεi−δ(xi)). Because (43) it implies D(v(t)) = 0 a.e. on the set
U iδ(t) = {x ∈ R
3|dbU i(t)(x) + δ > 0} for a.e. t ∈ [0, T ].
It implies v(t) is a rigid velocity on U iδ and Rδ[v(t)] = v(t) a.e. on U
i(t) for a.e.




i}ki=1 is compatible with the velocity v and denoting S =
⋃N
i=1Bi
(Bi are open connected) we find that v is compatible with the system {B
i
, ηi}Ni=1,
where the isometries ηi[t] coincide with η[t] on any of the balls U jεj−δ contained in B
i.
We have then proved.
Proposition 1. Let Ω ⊂ R3 be a bounded domain with the boundary ∂Ω of
class C2+ν , ν > 0. Let the pressure p be given by the constitutive law (24) where




Let the initial data ρ0, ~m0 have the properties required by (27)–(28),
q ∈ D((0, T )×Ω). Finally, let S ⊂ R3 be an open set which can be written as a finite
union of balls. Let S =
⋃N
i=1B
i, where Bi are open connected. Then there exists
functions ρ ≥ 0, v such that
ρ ∈ L∞((0, T ); Lβ(Ω)), v ∈ L2(0, T,W 1,20 (Ω)),
and a system of isometries ηi(t) : R3 → R3 having the following properties.
- The functions ρ, v satisfy the regularized continuity equation (23)1 a.e. on
(0, T )× Ω while the boundary condition (25) hold in the sense of traces.
- The variational form of the momentum equation (23)2 holds for any test func-











- the density ρ belongs to the class C([0, T ];L1(Ω)) and satisfies the initial condi-
tion (27). (The momentum (ρv) satisfies the initial condition (28) in the sense
of (20)′.
- the functions ρ, v satisfy the energy inequality (29) with the constant viscosity
coefficients µ, ν as well as (30)–(31) independently of B.




i = 1, . . . , N .
2.5. The vanishing viscosity limit
Proposition 4. Let Ω ⊂ R3 be a bounded domain with the boundary ∂Ω of
class C2+ν , ν > 0. Let the pressure p be given by the constitute law (24) with
β > max{7, γ}, γ > 4/3.
Let the initial data ϕ0, m0 have properties (27), (28). Finally, let S0 ⊂ R
3 be an







0 are open and connected.
Then the problem (1)–(2) admits a variational solution ρ,v and {B
i
,ηi}Ni=1,n(0, T )×Ω
satisfying the initial conditions (27)–(28) and Bi(0) = Bi0.
Proof: See [9].
It remains to show the energy inequality (29).
2.6. Sequential stability
The following stability results holds
Theorem 2. Let Ωn,Ω ⊂ R
3, be bounded domains such that Ωn ⊂ Ωn+1, Ωn
b
−→Ω




with γ > 3/2, β > 1, bn → 0 as n → ∞.






i=1 be a sequence of variational solutions to the prob-
lem (1)–(9) on the sets (0, T )× Ωn such that
ρn(0) = ρ0,n → ρ0 in L
γ(R3)
(ρnvn)(0) = qn → q in L
1(R3)
(48)
where ρ0, ~m0 satisfy the compatibility conditions (20). Moreover, let



































⊂ Bi0,n for all n = 1, 2, . . . (49)
Then there is a subsequence such that
ρn → ρ in C([0, T ];R
3)
vn → v weakly in L
2(0, T ;W 1,20 (Ω)),
ηin[t] → η
i[t] in Cloc(R








(t) for all t ∈ [0, T ]
where ρ, v, {B
i
, ηi}Ni=1 is a variational solution of the Problem (1)–(9) on (0, T )× Ω
satisfying the initial conditions




0 for i = 1, . . . , N.
Acknowledgements
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tions, Vol. 2. Dunod, Paris, 1968.
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